PRECOMPACTNESS OF RADIAL EXTREMIZING SEQUENCES 
FOR A A;-PLANE TRANSFORM INEQUALITY. 
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Abstract. Let d > 2 and 1 < k < d — I. It is known that the fc-plane transform 
satisfy some — > dilation-invariant inequahty, for which radial extremizers ex- 
ist. We show that in the endpoint case, radial extrcmizing sequences are relatively 
compact modulo the group of dilations. 



1. Introduction and statement of results 

Let us choose d>2,l<k<d— 1 and denote by the set of all fc-planes in M"^, 
that means affine subspaces in M'^ with dimension k. We define the fc-plane transform 
of a continuous function with compact support / : M"' — ?■ R as 

7^fc/(^) = / fdXu 

Jn 

where 11 G and the measure An is the surface Lebesgue measure on 11. It is well 
known since the works of Oberlin and Stein [9], Drury [6] and Christ [1] that TZk can 

be extended from (W^^ to L"'"'"^ (Qk) for a certain measure on Qk that was defined 
in the introduction of [5]. 

The corresponding (W^^ to L"^^^ (Q^, a^) inequality is 

||7^./||L^+l(g„.,)<A(A:,d)||/||^|±.^_, (1.1) 



for a certain constant A [k, d) chosen to be optimal. The value of this constant is 
known, and so are some extremizers. However, the question of uniqueness is still open 
for k ^ d — 1. Let us recall the following theorem from [5] : 

Theorem 1. (i) There exist radial, nonincreasing extremizers for (1.1). More- 
over, any extremizing sequence of nonincreasing, radial functions is relatively 
compact - modulo the group of dilations, 
{ii) Some extremizers for (1.1) are given by 



h(x) 



C 



\Lx\ 



2 



where L is any invertible affine map on M , and C is a constant. 
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[iii) The best constant A {k, d) is equal to 



k'l'Wd+i 



k+l 



1 

d+1 



where 15* | denotes the Lebesgue surface measure of the euclidean sphere in 



Part [i) of Theorem 1 is a pretty restricted result and it is natural to ask for more 
generality. Let us recall the concept of extremizing sequence: 

Definition 1.1. A sequence of Lk+^ functions fn is said to be an extremizing sequence 
for (1.1) if for all n, ||/„|| d+i = 1 and \\'R-kfn\\d+i A{k, d) as n — )■ oo. 

fc + 1 

In [3] then [4], Christ proved that for k = d — 1, any extremizing sequence /„ admits 
a subsequence that converges modulo the group of affine maps. This means that there 
exists a sequence of affine maps L„ with determinant equal to 1 such that /„ o L„ con- 
verges in L~3~ . We are concerned here by extremizing sequences of radial functions, 
not necessary nonincreasing. It is of course harder to prove that they are relatively 

d+l 

compact when they are not supposed to be nonincreasing. Indeed, sequences of L^+i 
nonincreasing, radial functions converge almost everywhere, modulo a subsequence, as 
a consequence of Kelly's principle. 



Let us fix fc, c? and call 



^+1 



As carefully explained in [5], restraining the inequality (1.1) to radial functions is 
equivalent to consider the simpler one-dimensional operator T, formally defined as 



f{Vr^ + s^)s''-'ds = j f{u){u' 



r^)^/^~'udu. 



This operator maps L^((0, oo), r'^ ^dr) to L^((0, oo), r"' ^' ^dr). The corresponding 
inequality is 

<B{k,d)\\f\\ (1.2) 

for an optimal constant B{k, d) that has been computed in [5]. Note that the inequality 
(1.2) is dilation- invariant: that was the main difficulty in the proof of part (i) of 
Theorem 1. Although T enjoys a much simpler behavior than the /c-plane transform, 
the reader should keep in mind its connection to TZk- The fc-plane transform has a 
geometric origin that provides a nice and simple geometric interpretation of the action 
of T. This has guided our intuition for most of the lemma (and the associated proofs) 
that will follow. 
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Main result and outline of the proof. Our goal is to prove the following theorem: 

Theorem 2. Let 1 < k < d — 1 and fn be an extremizing sequence for (1.2). Then 
is relatively compact in U'{r'^~^dr) modulo the group of dilations, that is, there exists 
a sequence A„ G M such that 

r ^ Xt/^fn{Xnr) 
converges strongly, modulo a subsequence. 

Since Christ thoroughly studied the case k = d — 1 in [3] and [4] we will restrict our 
attention to the case d > 3. 

The strategy is outlined as follows. Let /„ be an extremizing sequence. admits a 
weak limit, called /, and our goal is to prove that / is actually a strong limit. We thus 
would like to use a compact operator to transform this weak limit into a strong limit. 
Of course, here the natural operator to use is T. We are missing an assumption: T as 
defined earlier is not compact. But it remains a kernel operator, and being so it is not 
far from being compact. Its kernel 

k{r,s) = ls>r{s'-r^)''/^-h 

admits essentially two singularities, one for r = s and k = 1, and another one for large 
values of s. As a consequence, we define a truncated operator, 

Tr: L^{[0,R]) L'^{[0,R]) 

f ^ riio,R]f = rf. 

In this setting, since we artificially erased the singularities, for any < i? < oo, Tr is 
compact - see the appendix. 

Write now fn = g^ + £^ with g^^ := l[o,m]l{/„<m}/n. We want to take the limit of 
this equality as n, m tends to infinity. Let T acts on this equality: 

Tfn = Trng": + T^- 

It would be convenient to be able to take the limit n — )■ oo then m — )■ cxd for 7^(7™ and 
m — )■ oo then n — )■ oo for Te^. This is possible if we can prove the two following facts: 

{€) converges in L"^ as m — )■ oo, where is the strong limit of %ng^'i 
(a) is uniformly small in n as m tends to infinity. 

(i) is actually pretty easy, it follows from the structure of T. It will be proved in 
section 4. (ii) is actually much harder and will require two uniform bounds on /„. 
These bounds can be obtained only after an adapted rescaling of the sequence (/„). 
The proof of (ii) is separated into to parts: 

(1) In section 2, we rescale our extremizing sequence to make it converge to a non- 
zero function, in the weak sense. Some arguments related to (z) in Theorem 1 
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will lead to the impossibility of the sequence to loose some weight as a Dirac 
mass, expressed as a first uniform bound in n: 



(2) In section 3 we use the concentration-compactness principle of Lions [8] to prove 
a strong, and uniform in n, localization result on the extremizing sequence, 
expressed as 



Notations. 

• Let A and B be positive functions and P be some statement. We will say that 
P implies that A < B when there exists a universal constant C, which depends 
only on k and d, such that P implies that A < CB. A> B will be the convert 
and A B will be used when A < B and B < A. 

• II /lip denotes the L^-norm of /, with respect to a contextual measure. 

• For / measurable, we denote /* the radial, nonincreasing rearrangement of 
/, with respect to a contextual measure. It is the only radial nonincreasing 
function whose level sets have the same measure as the level sets of /, see [7] 
for a more complete introduction. 

• For a measurable set E and a contextual measure we will denote by \E\ its 
measure. 

• For two sets E,F G M., d{E, F) denotes the standard distance between E and 
F. If R> 0, d{R, E) denotes the distance between [0, R] and E. 

Our purpose is to prove Theorem 2 for a subsequence of an extremizing sequence fn- 
To simplify the notations, we will still call /„ any subsequence that is extracted from 



We first want to prove the following: 

Lemma 2.1. Let fn be an extremizing sequence for (1.2). There exists Rq such that 
the following is satisfied. For all n, there exist a set En C M, and A„ G M, such that if 





fn- 



2. A CONCENTRATION-COMPACTNESS RESULT 



Qn-.r^ X'J^fniXnr), 



then: 



(1) 1^1 ~ 1; 

(2) gn > tE,J 

(3) EnC[0,Ro]. 
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This lemma is somehow an improvement of the concentration-compactness lemma 
that we proved in [5]. There are essentially three things to identify: A„, En, and Rq- 
Xn and En will be found by similar method as in the proof of Lemma 3.4 in [5]. Rq is 
the result of refined inequalities concerning T. 

Proof. We start by using the proof of the concentration-compactness Lemma 3.4 in [5]. 
It tells us that there exists A„ such that the sequence 

satisfies p„ > 1[o,r„] with Rn ~ 1. Let us call Qn := \n^fn{Xn-)- Then = pn, which 
implies that there exists a set Sn with measure of order 1 such that gn > We will 
call e = \Sn\ > 0. This number e can be chosen independent on n since a lower bound 
on \£n\ exists. 

All that remain to be shown is that the sets Sn have most of their weight uniformly 
close from 0. Let us chose -R > and call Fn = £n \ [0, -R], Sn{R) = \En\- We want to 
show that if liminf„ is bounded from below when R — )■ oo, then gn cannot be 

an extremizing sequence. We then consider hn = gn — 1f„ - We have: 

/*oo /»oo 
\\hn\\l= [gn-tFj< gP^-tF^<l-6niR). 

Jo Jo 

On the other hand, 

||T/l„||g > \\Tgn\\q - WTlpJlq- 

Thus we need to give upper bounds on ||TlF„||g- Here because of the distinction 
between k = 1 and k >2 we have to prove an estimate for each case. Let us start with 
k>2. 

Lemma 2.2. Let k > 2, R > and F C R such that \F\ = 5 and [0, i?] flF = 0. Then 

d(k-d) 

Wripllq < 26R^+^. 

Proof. We start by a pointwise estimate: let r > 0, we want upper bounds on Tlpir)- 
rtpir) = I 1f{u){u' - ry^~^udu 

J M>max(r,i?) 

lF{u)u''-\u'-r''f'^-^u'-''du 

?i>max(r,/?) 

< max(r, Rf-'^S. 
Here we used k > 2. Thus 

Jr<R Jr>R 

< 25'^R'^^^-'^\ 
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This immediately leads to 

unfile < 25R^ = 2SR-'^/P. 



□ 



A similar lemma for k = 1 is the following: 

Lemma 2.3. Let k = 1, R > 1, F a measurable set with \F\ ~ 1 such that [0, R\r\F = 
0. Then 

\\rtFh<R-'^'. 

The proof is essentially in three steps: first we prove it when F is an interval, then 
when F is a countable union of intervals, and at last when F is any measurable set. 

Proof. Let p > R and F be the set (p, p + 6). Then 

5p'^~^ ~ |F| ~ 1. 

Moreover, 

ripir) < ^/ip + 6)^- p^ y^. 
Let us look at HTlFllg! choose I > e > 6. We can cut the integral into two parts: 



iri^ll^= / \riF\'+ / \riF 

Jo J p-e 



Now we give estimates on 

rp-e 



ITlj 







On (0,p-e) 



riF(r) < riF{p - e) 



< ^{p + 5Y-{p-eY-^p^-{p-eY 

< ^2p5 + 52 + 2pe - £2 _ ^2pe - 

< (2p<5 + 52 - + e^) ■ , ^ 

Since 5 < e < 1 < p, > and p5 > 5"^. As a consequence, 

p5 



p£ 
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Thus 

Now it is time to precise the value of e. We recall that c/ > 3 - the case d = 2 was 
thoroughly studied by Christ, as noted earlier. As a consequence, q > 2. Thus 

Now let us chose £ ~ 1/p. This leads to 

This proves the first step: the lemma is true when F is an interval. 



Let us consider now a set F = U / where / = (a, b) is an interval, a > sup E 
and A := d{E,I) > 0. Let us call now Fa = E U Ia where /a is an interval with 
inf /a = a — a and |/| = |/a| (we simply concentrate F by sticking its two parts to 
the closest one from 0). We want to show that 

liri,.j|^ > lirii.11^. (2.1) 

This is essentially an inverse concentration result. Indeed, it expresses the idea that 
the nearer from a function is, the bigger its 1-plane transform is. 

To prove (2.1), developing both sides, it would be sufficient to prove that for all 
l<m<g — Iwe have 

((tie)"-™, (ri,j™ - {riiD > o. 

Since sup supp(Tl_E;) < supF, we just have to prove that for all r E E, 

rii^{r)-rii{r)>0. 
But if r < a then with the change of variable = v, 

Tl,Jr)-TUr)= r' - t' (2.2) 



(a-A)2 2yjv - r2 J(b-A'Y 2\po - r2 



Here A' is such that /a = (a — A, 6 — A'). Because of |Ja| = |/| this implies A' < A. 
The integrated function in (2.2) is nonincreasing (in u) and because of A' < A we 
have Tl7^(r) > Tl/(r) for r G supp(Tl£'). 



Now let us consider a countable union of disjoint intervals, 

F=\]lm. 

By the process described above, we can simply stick an arbitrary large, finite number 
of the intervals to the closest one from 0. This increases the L'^-norm of the 1-plane 
transform. To pass from a finite number to an infinite number of Im we simply notice 
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that |/| < OO. Thus the lemma is true again. 



Finally, assume that F is just a measurable set. Then by definition, 

oo 

|F| = inf{^^ |Jm|, Im open interval with F C |J 

m=l »n>0 

Approaching F with a recovering of intervals such that | Um>o ^m — F\ <^ 1 shows that 
the lemma remains true for any measurable set. 

□ 

Now using Lemma 2.2 we get 

\\TK\\^> WTgnh-^dr.R-"'^. (2.3) 
Let us recall that B denotes the best constant in (1.2). Equation (2.3) leads to 

\\TK\\, ^ WTgnh-ldnR-"'^ 

B > ,,, > T • 

ll"-"!!? (1 — 5„)p 

Let us call liminf^^oo ^n(-R) = 1{R)- Then 1{R) < 1 and making n — ?■ oo, 

B - 2R~'^/P 



B > 



;i -/(i?))Vp- 



This forces limsup^.^;,^ /(i?) = 0. In particular, there exists Rq and a subsequence of 



£n, still called £n, such that 

|^„-[0,i?o]|<^. 

Thus we call En = Sn(^[0, Rq] and Lemma 2.1 is proved. The proof in the case k = 1 
is similar, using Lemma 2.3. □ 

An easy consequence is the following: 

Corollary 3. Let fn be an extremizing sequence. Then modulo the group of dilations, 
fn admits a subsequence that converges weakly to a non-zero function in L^. 

Proof. Let us consider Rq, En given by Lemma 2.1. gn being bounded in L^, it 
admits a subsequence that converges weakly to a function g. And g 0: 

Ro rRo rRo 

g = hm / gn> lim / 1e„ ~ 1. 

□ 



Another consequence, related to the proof of Lemma 2.1 and Theorem 1, is the 
following: 
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Corollary 4. The sequence Qn introduced in Lemma 2.1 admits a subsequence that is 
uniformly W-integrahle, that is 



uniformly in n. 

Proof. We recall that Qn was constructed such that the sequence g*^ converged weakly 
to a non-zero function - see [5]. Moreover, the sequence (7* admits a subsequence 
that converges strongly - Theorem 1, part (z). Thus admits a subsequence that is 
uniformly L^-integrable, and so does Qn, using 



Note that here part {i) of Theorem 1 was really useful. Moreover, this approach 
can be generalized to any extremizing sequence that converges weakly to a nonzero 
function. This is a good starting point if one wants to generalize Christ's theorem in 
[3] for the Radon transform {k = d — 1). Indeed, it excludes any form of Dirac-type 
concentration of the compactness. What we are missing is a complete quasiextremal 
theory for the inequality (1.1) such as the theorem 1.2 stated in [2] for /c = rf — 1, that 
helps rescaling extremizing sequences in a reasonable way. 

From now we will consider instead of /„, and we will just assume the three 
following property, that are actually consequences of the above lemma and corollaries: 

• The sequence Qn converges weakly to a non-zero function g G V. 

• There exist some sets En of measure \E n I ~ 1 such that Qn ^ 1 En sud Eji d 



Let us recall the following famous lemma from Lions [8]: 

Lemma 3.1. Let a sequence of nonnegative functions in L^{M.'^), such that ||0n||i = 
A. Then there exists a subsequence of (pn, still noted 0„, such that one of the following 
is satisfied: 

(1) (tightness) There exists yn € M'^, such that for all 5 > 0, there exists R > 0, 





□ 




3. Weak interaction 



for all n 
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(2) (vanishing) For all R, 

lim sup / 0„ = 0. 

n^oo y^^a JB{y,R) 

(3) (dichotomy) There exist < a < A and two sequences 4'n,4'n of -functions 
with compact support such that 0„ > 0^^, > and 

Un-(j)n-(j)l\\i^O, \\(t)\\\i^a, ^ X - a, 

rf(supp(0^),SUpp(0^,)) OO. 

Let us consider the sequence 0n = \gn\-'^- <Pn £ L^(M.,r'^~^dr) and ||0n||i = 1, thus 
0„ satisfy one of the three consequences above. We can see, as a consequence of the 
previous section, that 0„ does not vanish. Our purpose here is to prove that dichotomy 
cannot occur. 

The first lemma that we want to show is a refinement of the dichotomy condition - 
in our particular case. 

Lemma 3.2. Let 0„ = \gn\^ be the sequence just above. Assume that the dichotomy 

condition (3) hold. Then up to a subsequence, there exist < a < 1, -Rq > 0, and two 
sequences, ^p\, ^p^, of V- -functions with compact support such that 0„ > 0^, 0^ > and 

Un-Vl-Vl\\i^^. WiflWi^a, \\ipl\\i^l-a, 

satisfying the additional support condition: 

supp(<^^,) C [0,i?o], supp((/?^) C [/2„, oo) (3.1) 

with i?„ — )■ OO. 

This is a consequence of the fact that > 1^^ with \En\ ~ 1 and C [0,i?o], 
using measure theory and structure of open sets in M. 

Proof. Let us recall that there exist some sets -E^ C [0, Rq\ with measure of order 1 such 
that gn > Let us chose e < |-E.„|/2, and 0^, 0^ associated by {iii) to this choice 
of e. Then (fi^ or 0^ must have some weight inside [0, i?o]) let's say 0^. The support 
separation property - (i(supp(</)^), supp(0^)) — )■ oo - insures that supp(</)^) fl [0, Rq] = 
for n large enough. 

Let us call Kn := supp(0;'j). There exists some open sets [/„, containing Kn, with 
\Un — Kn\ ^ 1- The structure of open sets in [0, oo) allows us to write a decomposition 

i>0 

with open, disjoint intervals, ordered by sup f/^ < inf f/^"*"^, possibly enlarging Un 
by an arbitrary small open set containing 0. Let us now call 

dl = di[0,Ro],K). 
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For all n, the sequence ((i^)j>o is increasing, and (i° = 0. Using Cantor's diagonal 
argument, we can assume that for all i, dC' E [0, oo] as n — )■ oo. Let us call the 

smallest integer such that d^^ = oo. Note that since = 0, because of the existence 
of En, we have io>l. If = oo, then the lemma is proved, we do not have to change 
0^, 0^. If 2o < oo, let us call 

io-l 

U'n ■= U Po ■= SUpSUp(t/;,) < OO. 

„ n>0 
1=0 — 

We can change the sequences 0^, 0^ to 

It remains to prove that Qn^g^ satisfy the conclusions of the lemma. Up to a subse- 
quence, we can assume that converges to some 1 > a' > 0. Moreover, we have 
Q<gl<(pi and thus a' < 1. Since gl^ + gl = + 0^, ||0„ - gi- gl\\i and the 
additional support condition (3.1) is satisfied - with Rn = c?^°. At last, a' > 0: indeed, 

rpo rpo 

Hn-gl-glWi^o^ \(P^-gl-gl\= |0„_^i|^o. 

Jo Jo 
But 0n > 1_B„ with \En\ ~ 1 wMch implies H^j^Hi ~ 1, thus a' > 0. □ 

We will not change the notations for purpose of simplicity: we will assume without 
loss of generality a' = a and po = Ro- 



Now we are ready to prove our claim: dichotomy cannot occur. Let us be guided 
by the interpretation of Lemma 2.2 (or Lemma 2.3 in the case k = 1). Those lemma 
express the fact that radial characteristic functions of sets that are far away from 
cannot have a large /c-plane transform. Here, g^ is far away from 0. However, we 
have no assumption on the support of the size of the support of g^ and this is a real 
difficulty: Lemma 2.2, 2.3 cannot be simply applied and have to be generalized to any 
function. Let us give an idea of the difficulty: roughly, let us write 

with Em = {r > with 5'^(r) ~ 2"*}. Note that each Em has to be far from 0. As a 
consequence, 

\\rgl\\i = J2^''''\\^^^J\l+ E 2(-+-+-')^ /"rii,„^-...-ri^^^. 

mgZ mi,...,mq 

The first sum is called principal sum (and its components principal terms) while the 
second is called interaction sum (and its components interaction terms); this is a notion 
we will encounter again below. It would not be too hard to prove that the principal 
sum tends to as n tends to infinity. This would follow from Lemma 2.2. However, 
there are too many terms in the interaction sum. Lemma 2.2 would not be of any help. 
Approaches of this type have however been made in [2], see the proof of Theorem 1.6. 
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We believe it is possible to treat it with the same methods. However, we have chosen 
to take another, simpler, path. 

Indeed let us get inspired by Lions in his famous paper [8]. We introduce the 
quantities 

^,:=sup{||r/||^,||/||^ = a}. 
Then the following convexity inequality is satisfied: for all < a < 1, 

Si>Sa + Si.a. (3.2) 

q 

Indeed, we have the relation Sa = ap Si. For all a G (0, 1) we have 

q q 

1 > ftp + (1 — a)p, 

recalling q > p. Thus (3.2) holds. 

Assume now that dichotomy can occur. Then because of Lemma 3.2 there exist two 
sequences g^^, g"^, satisfying 

(i) supp(^^) C [0,i?o], rf(supp(^^),supp(^2)) _^ 
(ii) WdnWp -> a e (0, 1), \\gl\\P ^ 1 - a as n cx). 



[m 



\9n\^ - \9n + gl\^\\i ^ as n ^- oo. 



(iv) gn > gi,gl > 0. 

Our purpose is to prove a contradiction with (3.2), using Lemma 3.4. The essential 
idea is the following lemma: 

Lemma 3.3. Let gn, gl^, gn above. Then 

lir^?„||^-lir^7;^ll^-lir^7,^j|^^o. (3.3) 

It means in a way that Tg\ and Tg^ interact weakly, or are asymptotically orthog- 
onal. This will be a contradiction with (3.2). It is interesting to relate this lemma to 
the discussion made above. Here we do not make Tg'j^ interact with itself, but with 
Tg^. Since the supports of g\ and g"^ are far away from each other it is actually much 
easier. 

Proof. Let us first define := gn — gl, — gn- Then \\sn\\p — >■ 0. Indeed, 

POO 

ll^"'llp ~ / Idn ^ gn ~ 9n\^ 

Jo 

POO 

< / \9n\''-\gl + gl\''-^o, 

Jo 

because of (iii) in Lemma 3.1. Moreover, 
\\rgn\\l<\\rgl, + rgl\\l + Oi\\ent) 

< WTglWl + WTglWl + (^) (C^^^n)"""^, (Tglr) + o{l). 

l<in<q-l ^ 
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To prove (3.3) it is sufficient to show that for 1 < m < g - 1, ((T ^^)''""', (T gl)"") 0. 
Let e > 0. Since gn is uniformly L^-integrable, there exists such that 

\9n\'< [ \9n\'<e, 

uniformly in n. Thus, in a way, it is sufficient to prove (3.3) for g\ < R^. Indeed, 

mglr-'XTglD - m^gi<R.}glY-'^ . {Tglr)\ 

^ E ('"7^)K(ni{.i<Kj^?n)^-'"-^(ri{,i>^a^?^))\(r^^)-)|. 

l<i<m—q ' 

Let us treat independently the quantities ((T(l{gi<ijj5'^)''~'"~*(Tl{gi>Rj5'i,)\ {Tgl)"^) 
that appeared just above. Using Holder's inequality with 

q — m — i i m 

l = - + - + -, 

q q q 

we get 

l((m{,^<i?.}^?i)^-™-^(ri{,i>«,}^?^))\(r^7^)"^)l 

< \\iri{,i^<R.}9'n\\r'^-' ■ \\rii,^>n^}g'Jl ■ WTg'J-'' 



< A{k,dr ■ WglWr"--' ■ \\ligi^>R^}glMl ■ hX 



Coming back to our initial point, 

mgly-"^, {TglD - migl<R.}9ly-'^. {rglr)\ < e'l^ 

and this bound is uniform in n. Thus we can assume without loss of generality gj^ < Re- 
This leads to 

{{Tgl.y-'^, {TglD < Rt"" {{TMomf-'^ ^ iTglD 
<Rr'^Rt'^'>'{t[o,Ro],{rglr)- 

Lemma 3.4. Let tp E and R> 1 such that 6 := d{supp{ip), [0,R\) > R. Then for 
all 1 < m < q — 1 , 



{iio,R],imn< " 



j^d—k 

P ■ 



{R + 6y 
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Proof. It is only some simple calculation. Indeed, 

Jo \Ju>r J 
\Jui>R+5 J \Jum>R+5 



ij{ui)uidui...ilj{um)umdum I k{ui, v) . . .k{u„i, r)r dr 

ui>R+5 Jum>R+S Jo 



R 

d-k-1. 

If 



where we note k{u, r) = (n^ — r^)^'/^ ^. For k > 2, 

fR 

/ k{ui, r)...k{u^, ry^-^-^dr < u^"^ ...u^-^R^-^ . 
Jo 



For = 1, 



R 1 1 







k{ui,r)...k{um,ry 'dr < j r'^ Mr 



■^^i Jo I / 

r-~j ■■■ 

Ml Mm 



since > + 5 > 2i? > 2r. 
As a consequence, 



(l[o,i?],(r^)™) < / ... / ip{ui)uidui...ip{u„,)u„,du^u'l \..ut^R'^ ' 

Jui>R+5 Ju,n>R+5 



R'^-^ ( [ ij{u)u^-^du] 

\Ju>R+5 J 



Noting that 

the Holder inequality leads to: 



u = u p^u p . 



^{u)u^-'du < / ^{ufu'^-^du / u-^du 



iL>R+5 \Ju>R+S / \Ju>R+S / {R+5)p^ 

Thus, finally. 



(i[o,R],(rv^)") 



< 



R 



d-k 



m 
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For n large enough, a direct application of Lemma 3.4 leads to 

Tjd-k 1 
-'^O llrv^ll"^ < - 



{Mo,Roh iXglr) < T^Wal 



{Ro + d{Ro,snpp{gl)y"^''"^ d{Ro,snpp{gl))p' 



Thus we get 



{q—m)k ^0 




d{RQ,supp{gl))7 

Making n — oo leads to the conclusion - here we notice that the uniformity of i?^ in 
n is crucial. □ 

Now let us chose two sequences /3n — > 1 with ||ttnfi'nl|p = 1 and ||/3nfi'nl|p = 1 — a. 
Then 

Sa + ^S^ + S,.^ + 0(1) > Wrar^g'Jl + IWnTglWl + 0(1) = WTgnWl ^ S, 
which is a contradiction with (3.2). Thus dichotomy cannot occur. 
An easy consequence is the following: 

Corollary 5. gn is strongly tight, that is 



lim / \gn\'' = 0, 



uniformly in n. 



Indeed, since \gn\^ > 1_e„, gn cannot be vanishing. Thus Ignl'^ has to be tight. But 
since En C [0, i?o] the sequence yn involved in (z) in Lemma 3.1 can be chosen to be 
0, involving a possible redefinition of -Rq- 

4. Strong convergence to an extremizer 

Here we prove our main result. Theorem 2. It is an easy consequence of the following 
theorem: 

Theorem 6. Tgn converges strongly in L'^. 

We first start to prove that the operator T is somehow locally compact. 
Lemma 4.1. Let us consider for R> the operator 

Tr: L^{[0,R]) L'^{[0,R]) 

f ^ ri[o,R]f = rf. 

Then Tr is compact. 
We give the proof of this result in the appendix. Let us now define 

h"" := lim Tg^. (4.1) 
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The convergence in (4.1) occurs in L^, because of the local compactness of T- Lemma 
4.1. Indeed, the sequence {gn)n is bounded in L°°([0,m]), thus the sequence {Tg'^)n 
is compact in L'^. Moreover < (7™ < (7™^^ < Qn^ implying < Tg"!^ < Tgl^^^ < Tgn- 
It proves that the sequence is actually nondecreasing, nonnegative, and bounded 
in L'^. We can then apply the monotonous convergence theorem: there exists h & L'^ 
with — )■ h strongly. We want to show now that Tgn converges strongly to h. 

lim Tgn-h= lim lim Tgn - h"" (4.2) 

n— >oo n— >oom— >oo 

= lim lim lim Tgn - Tg^ (4.3) 

n— >oo m— >oo n— >oo 

= lim hm Tgn - Tg^ = lim = 0. (4.4) 

n— >-oo m— >-oo n— >-cxd 

In (4.4), we were allowed to change the order of the limits n — 00, m — )■ 00 because 
of the uniform convergence (in n) of (7™ to as m — 00. 

Now we know that T is linear continuous from to L'^, so it is also continuous 
when these spaces are provided with the weak topology. It shows that Tgn Tg. 
But Tgn — >■ thus Tg = h and Tgn — ^ Tg. This proves Theorem 6. 



It implies that the sequence gn converges weakly to an extremizer, since \\g\\p < 
liminf ||(yf„||p = 1. This also implies ^g^p = 1. Let us introduce some general func- 
tional analysis that explains why this proves Theorem 2. 



We say that a Banach space E is uniformly convex when for all £ > 0, there exists 
6 > such that for all x, y lying in the unit ball of E, such that \\x — y\\E > we have 

For instance, it is a standard result that is a uniformly convex space for all 1 < p < 
00. Uniformly convex space have the following useful property, that has been somehow 
pointed to us by Christ: 

Lemma 4.2. Let E a uniformly convex Banach space and x„ a sequence in E such 
that Xn ^ X E E . Assume moreover that lim Hx^He; = Ha^Hs- Then Xn —> x in E. 

Proof. If = 0, it is obvious. Then we can assume x ^ and call ?/.„ := 
y = x/\\x\\e. Then we have 

y + y-a 

— ^ ^ y 



which implies 



\y\\E< liminf ^" ^ ^ ^ < 1. 

n— >oo Z 



Because of the uniform convexity of E, x.„ x. □ 

Since 1 < p < 00, a direct application of this lemma gives gn g and thus Theorem 
2 is proved. 



radial extremizing sequences for a fc-plane transform inequality. 
Appendix 1: Compactness of the restricted operator Tr 
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Here we want to prove lemma 4.1. The operator Tr is formally defined as Tr : = 
ri[o,ij] and maps L°°([0, R]) to itself. Moreover, since L°°([0, R]) ^ L«([0, R]), we just 
have 'to prove that Tr : L°°([0, i?]) L°°([0, i?]) is compact. 

Compactness in L°°([0, R\) is expressed through the standard Arzela-Ascoli theorem: 

Theorem 7. Let V C L°°([0,-R]). Then V is relatively compact if and only if it is 
hounded in L°°([0,-R]) and equicontinuous. 

Thus we want to show that V := T({/ G lv°°([0, -R], ||/||oo < 1}) is a equicontinuous 
family of functions in L°°. Let f eV. Then for all < r < r + < i?, 

|r/(r + /i) - r/(r)| < r |/(«)||l.>,+,(«2 - (r + hf)''/'^' - 1„>,(«2 - r2)^-/2-i|^^„ 



We just want to estimate I{h,r). 

Hh,r)< r \{u^-[r + hff'''-'-{u^-r^f''-'\udu 

Jr+h 

+ / \lu>r+h-tu>r\{u^ -r'^f^'^-^udu. 

Jo 

With the change of variable u"^ = v, this gives 

Hh,r)< / \{v-{r + h)Y/^-^ -{v^rY^^-'\dv 

J{r+h)^ 

+ / \K>(r+hr - T^vyr^liv - r^)''^'^ ^dv 
Jo 

rR^ 

< / |(t;-(r + /i)2)^/2-i-(t;-r2)'=/2-i|rfy 

J{r+h)2 

+ / {v-r^f/^-^dv. 

Jr^ 

By Holder's inequahty, 

(r+h? ( rR^ „,„ 
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and this converges to as /i converges to 0. An estimate for the other term is 

/?2 



(r+h)2 



^r + hff'^~^-{v-r^f'^-^\dv< 



R2 
(r+/i)2 









2 



s\v 



\^'^-^dsdv 



< 



< 



s\v 



\'/^-^dvds 



s{{R^ - sf'^-^ - ((r + hf - sf/^-^)ds. 



Here again, an apphcation of Holder's inequahty makes us conclude. Thus V is equicon- 
tinuous and Tr is compact. 
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